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Abstract Failure criteriawere proposed todescribe physics-
based failure modes of the fibrous composite at its micro-
scale level. The criteria consist of four failure modes at
the constituent material level, and they are: fiber breakage,
fiber buckling, matrix cracking, and fiber/matrix interface
debonding. The failure criteria for these failure modes were
expressed in terms of stresses and strains at the micro-scale,
i.e., those occurring within the fiber and matrix materials. To
determine the micro-scale stresses and strains and to apply
the failure criteria to the macro-scale composite material,
a multiscale analysis was employed. The multiscale analy-
sis links the micro-scale and macro-scale using the unit cell
approach. The unit cell can compute the macro-scale (i.e.,
effective) material properties from the micro-scale (i.e., con-
stituents) material properties. In addition, the unit cell can
also compute micro-scale stresses and strains from macro-
scale stresses and strains. The proposed failure criteria can
be used for composite structures such as laminated fibrous
composites, woven fabric composites, etc., The criteria were
applied to multiple example cases under combined load-
ing, which had available experimental data, to assess their
reliability. The prediction using the proposed failure criteria
agreed well with the experimental data.
Keywords Failure criteria · Composite materials ·
Multiscale modeling · Multiscale analysis · Worldwide
failure exercise
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1 Introduction
Because composite materials have been applied to many
load-carrying structures and gradually replaced metals in
structures and devices, it becomes increasingly necessary to
accurately predict their failure strengths. The multi-phase,
inhomogeneous, and anisotropic nature of composite mate-
rials lies at the heart of the complexity of accurate failure
prediction.
Many theories have been put forth to understand the
ultimate strength of composites, most beginning from the
better-understood homogeneous and isotropic metals and
plastics and adding correction factors to account for the
observed differences. Few of the failure theories, however,
approach composites from the direction that a composite
is an assemblage of various parts, each of them with par-
ticular properties, ways of interacting, and ultimate failure
conditions. The current theory attempts to reconcile the per-
formance of a composite as the collection of constituent
materials and their interactions.
An excellent overview of composite failure theories can
be found in Sun et al. (1996) where different failure theo-
ries were evaluated. The categories used in the evaluation
were Limit Criteria, Interactive Criteria, and Separate Mode
Criteria. The maximum stress and maximum strain criteria
belong to the Limit Criteria, while (Tsai and Wu 1971) are
the examples of Interactive Criteria. Alternatively, Hashin
and Rotem (1973) and Hashin (1980) criteria are the Sepa-
rate Mode Criteria. All of the theories relied exclusively on
the in situ composite-level uniaxial failure values to predict
failures in the quadrants, i.e., the combined stress states.
The Worldwide Failure Exercise (WWFE) (Hinton et al.
2004) was an academic exploration of current composite
failure theories. The exercise was conducted in two phases,
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Fig. 1 Schematic diagram of multiscale coupling
the first phase provided the participants with basic data
regarding composites of interest and asked them to first
describe their theories, and then to use their theories to predict
failure envelopes and/or stress–strain curves for various uni-
axial composites and laminate layups. The WWFE included
contributions from many failure theories, most from each
theory’s originator or their colleague. All the failure crite-
ria used stresses or strains at the lamina level of the fibrous
composite. Some of them used the micro-scale properties to
predict the failure strength at the lamina level.
The proposed failure criteria used stresses and strains
of the constituent materials such as fiber and matrix mate-
rials as described in the following sections. The criteria
were developed to describe physics-based modes of fail-
ure at the micro-scale level. The failure modes are fiber
breakage, fiber buckling, matrix cracking, and fiber/matrix
interface debonding. Then, the proposed criteria were eval-
uated against available experimental data as given in Hinton
et al. (2004).
2 Multiscale modeling
Multiscale modeling of a fibrous composite relates the mate-
rial properties, stresses, and strains at the lamina level (called
macro-level) to those at the constituent material level (called
micro-level). Both levels are connected bi-directionally.
Figure 1 shows the schematic diagram for coupling the
macro-scale and micro-scale levels. The key for the coupling
is through the unit cell model.
The unit-cell model for the representative composite has
eight subcells. For a fibrous composite, only four subcells
are necessary. However, the present model was developed
not only for the fibrous composite but also for particulate
and whisker composites. As a result, the present unit-cell
model has eight subcells. Material properties are assigned
to each subcell. A sketch of the unit cell is given in Fig.
2. The assignment of properties and the relative sizes of the
subcells are basedon the constituents’material properties and
the fiber volume fraction. For instance, a fibrous composite
would be represented by fiber properties (moduli, volume
fraction, coefficients of thermal expansion, Poisson’s ratio,
Fig. 2 Unit cell model
etc.) assigned to subcells 1 and 2, while the matrix properties
are assigned to the remaining subcells.
For this discussion, the following terms are defined as
follows:
– subcell: the lowest division of the composite unit cell, one
of eight rectangular prismswith assignedmaterial proper-
ties. Stresses and strains assigned to a subcell are denoted
by, for example, σ 1x and ε
3
z indicating x-directional nor-
mal stress in the 1st subcell and z-directional normal
strain in the 3rd subcell, respectively.
– quarter-cell: the combination of two subcells in a partic-
ular direction; for instance, a fibrous composite assigns
fiber properties to subcells 1 and 2; therefore, the fiber lies
in the 1–2 quarter-cell. Stresses and strains are denoted
similarly to subcells. However, a second superscript indi-
cates the included subcell such as σ 12x indicating the
fiber-directional stress in the 1–2 quarter-cell.
– half-cell: similar to the quarter-cell, describing a whole
side of the unit cell. Stresses in this case are denoted with
the addition of superscripts: σ 3478z which represents the
z-directional stress in the 3–4–7–8 half-cell.
In this discussion, the coordinates are always described as
follows:
– x—the longitudinal fiber direction
– y—the first transverse direction, starting in the 1–2
quarter-cell, with the direction towards the 3–4 quarter-
cell. This direction is always used as the in-plane direc-
tion.
– z—the second transverse direction, starting in the 1–2
quarter-cell, with the direction towards the 5–6 quarter-
cell. This direction is always used as the out-of-plane or
thickness direction.
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As discussed in Kwon and Berner (1995), Kwon and Kim
(1998), Kwon and Park (2013), Park and Kwon (2013), and
Kwon (2016), the subcells are joined together by requiring
normal stress continuity between adjacent subcells as stated
below:
σ 1x = σ 2x , σ 3x = σ 4x , σ 5x = σ 6x , σ 7x = σ 8x (1)
σ 12y = σ 34y , σ 56y = σ 78y (2)
σ 12z = σ 56z , σ 34z = σ 78z . (3)
Shear–stress continuity between subcells adjacent in the
shear stress direction is expressed as follows:
τ 12xy = τ 34xy , τ 56xy = τ 78xy (4)
τ 12xz = τ 56xz , τ 23xz = τ 78xz (5)
τ 15yz = τ 36yz , τ 27yz = τ 48yz . (6)
Compatibility of normal and shear strains between each
half-cell is expressed as follows:
ε12x = ε34x = ε56x = ε78x (7)
b1ε
12
y + b2ε34y = b1ε56y + b2ε78y (8)
c1ε
12
z + c2ε56z = c1ε34z + c2ε78z (9)
γ 1234xy = γ 5678xy (10)
γ 1256xz = γ 3478xz (11)
γ 1357yz = γ 2468yz , (12)
where:
γ 1234xy = γ 12xy (a1 + a2)b1 + γ 34xy (a1 + a2)b2 (13)
γ 5678xy = γ 56xy (a1 + a2)b1 + γ 78xy (a1 + a2)b2 (14)
γ 1256xz = γ 12xz (a1 + a2)c1 + γ 56xz (a1 + a2)c2 (15)
γ 3478xz = γ 34xz (a1 + a2)c1 + γ 78xz (a1 + a2)c2 (16)
γ 1357yz = γ 15yz (c1 + c2)b1 + γ 37yz (c1 + c2)b2 (17)
γ 2468yz = γ 26yz (c1 + c2)b1 + γ 48yz (c1 + c2)b2, (18)
where a1, a2 are the dimensions of the subcells in the x direc-
tion, b1, b2 the subcells in the y direction, and c1, c2 the
dimensions in the z direction, as shown in Fig. 2.
The last required connection is the consideration that the
total strain is the volume-averaged sum of the subcell strains.




V nεni j , (19)
where ε̄i j is the ijth strain component of the composite, V n
is the volume of the nth subcell, and εi j is the ijth strain
component of the n-th subcell. The same expression can be




V nσ ni j . (20)
This system of equations allows for the volume-averaged
combination of the properties of the constituents yielding
a global or macro-scale set of properties of the composite.
Once the macro-scale properties are established, a macro-
scale compliancematrix can be simply employed to calculate
themacro-scale strains to applied stresses. The finite-element
method can also be utilized to analyze a complex shape of
composite structure subjected to the applied loading to com-
pute themacro-scale stresses and strains. The unit-cell model
determines the stresses and strain at every subcell from these
macro-scale strains. Thermal effects can also be included in
this model (Kwon and Kim 1998), but not discussed in this
paper.
3 Failure criteria
As discussed previously, many of the existing failure theo-
ries are based on the use of the test data of a lamina. This
theory currently requires the use of constituent materials’
strength data. If some of those data are not available, they
can be derived from the lamina level test data. The failure
envelope of a composite is defined as the locus of points of
each failure mode. The following failure criteria are simi-
lar to the Hashin separate mode criteria proposed in Hashin
(1980) and discussed in Sun et al. (1996), but is distinct from
Hashin in its use of the micromechanics model as its basis
and its use of strain rather than stresses.
3.1 Fiber failure in tension
This criterion is applicable for fiber under tensile loading.
This failure mode is called fiber breakage. Once the fiber
subcell’s resultant strain reaches the failure strain of the fiber,
the fiber is considered failed based on the following criterion:
√(
ε12x
)2 + (γ 12xy






This failure criterion takes shear angle into account, so
that the elongation of the fiber is not only the longitudinal
lengthening of the fiber subcell, but also the imposed shear
angle as sketched in Fig. 3. The shearing angle may not ini-
tially appear important, but it becomes significant for larger
shearing stress on top of the longitudinal stress.
The data required to implement this criterion are the fiber
elongation at failure, ε fu,t , which is commonly available infor-
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Fig. 3 Fiber elongation
mation. While using this value in the failure model yields
resultswithin 4%of the stated composite value, themicrome-
chanics model can also be used to adjust this quantity so as
to exactly match the macro-level anchor point. To do this, the
macro-failure stress is applied to the unit strand and the fiber
failure strain is calculated using the downscaling routine.
This can be useful, since the fiber elongation at failure may
provide an over-prediction of the stated longitudinal strength
of the composite.
3.2 Fiber failure in compression
The second criterion is for fiber failure while under compres-




)2 + (γ 12xy






where ε fu,c is the fiber (and composite) longitudinal strain at
the stated ultimate compressive stress as calculated by ε fu,c =
σCu
ECx
, in which the superscript C indicates composite (macro-
scale) values. Since this value is derived from the macro-
failure stress through the micro-scale model, it requires no
adjustment like the fiber breakage criterion.
3.3 Fiber/matrix interface failure
One of the most important (and complicated) failure criteria
is the debonding of the fiber/matrix interface between the
fiber and matrix phases. The simplest form of this criterion
describes the failure of the interface when the transverse nor-
mal stress between the fiber subcell and its adjacent matrix
subcell reaches a critical value. This criterion only describes,
however, the failure under transverse normal stress.
The second failure at the interface occurs when the shear
stress between the fiber and matrix subcells reaches a critical
value. This, as will be shown later, is an incomplete picture,
since longitudinal tensile stresses appear to delay shear fail-
ure and transverse tensile stresses appear to promote shear
failure. This requires that there be some additional terms in
the shear failure portion to account for the promotion or delay
of onset of shear failure in a composite sample.
It can be observed that bonded subcells under either
longitudinal or transverse normal stresses experience some
interface stresses due to the mismatch in stiffness of the two
materials. The criterion includes the impact of the normal




τ I + α1
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xy + γ 34xy Gmxy
2
, (24)
and α1 is the scaling factor—currently
√
vf—vf is the fiber
volume fraction, τu is the critical interface shear stress, and
σ⊥ is the critical interface normal stress. Values for τu can
be calculated using the downscaling routine by applying the
macro-level shear stress at failure to the unit strand and
obtaining the interface stress between the fiber and matrix
subcells. Values for σ⊥ are adequately estimated using the
uniaxial transverse failure strength.
The additional parameter, ‘n’, is equal to 1 when the
composite is under transverse tension and zerowhen the com-
posite is under transverse compression. The reason for this is
to indicate that interface failure between the fiber subcell and
the matrix subcell (specifically separation due to transverse
normal stress) will only happen when the specimen is under
transverse tension. Compressing this interface can only rein-
force the connection between the subcells until the matrix
reaches a crush value (i.e., failure by maximum principal
strain as described below).
This criterion allows for the theory to account for the lack
of shear coupling as well as the observed delay in shearing
failure while under longitudinal stress and the promotion of
failure while under transverse tension.
The primary reason that the normal stress terms are
in the above formulation is due to the observation in the
WWFE data [5] that normal stresses either promote or delay
specimen failure depending on orientation and sign. The
primary thought about this interaction is that two bonded
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dissimilar materials undergoing the same strain will experi-
ence different stresses. For instance, the subcells undergoing
longitudinal stress without bonding would all respond as
independent springs and reach their own strain state that
satisfies the stress state. In the case of the fiber subcell, its
independent elongation would be less than the composite’s
elongation due to the applied stress. Conversely, the matrix
subcells’ independent elongation would be much greater
than the composite’s elongation. The twomaterials, however,
impact one another. The fiber subcell is further elongated by
the presence of the matrix subcells and the matrix subcells’
elongations are moderated by the presence of the fiber. This
mismatch is the likely cause for normal stresses causing inter-
face shearing.
3.4 Matrix failure
Matrix failure is also called matrix cracking. The failure
criterion employed the maximum strain criterion, since it
relies only on the calculation of themaximumprincipal strain
experienced in each of the matrix subcells. The only com-
plication of this criterion is the requirement to moderate the
shear strain value between the fiber–matrix half-cell and the
matrix–matrix half-cell. As discussed earlier, the shear strain
compatibility only applies in each half-cell. The shear strain
that must be used, therefore, is some combination of the cal-
culated shear strain for the matrix portion of the fiber–matrix
half-cell (worst case) or the calculated shear strain for the
matrix–matrix half-cell. The compromise is the mean of the
two, making the criterion:
εm1
εmu,t





where εm1 and ε
m
3 are the principal strains of the state of strain




γ 34xy +γ 78xy /4 0
γ 34xy +γ 78xy /4 ε34y 0
0 0 ε34z .
⎤
⎥⎦
In practical terms, this failure is exhibited primarily in the
transverse compression regime.
4 Laminate failure
The above investigations are not particularly useful unless
they can be used to adequately describe the failure of a com-
posite laminate where reinforcement orientations vary. In
addition to the uniaxial failure envelopes, the WWFE also
required its participants to examine multi-angle laminates
under varying load conditions. To these data, we applied the
above criteria.
4.1 Assembling the laminate
The laminate examined was a [90, 30,−30]s specimen con-
structed from E-glass/LY556 and subjected to both biaxial
σx–σy loading as well as σx–τxy loading. The data were pro-
vided by the testing described in Hinton et al. (2004) and in
Hotter et al. (1974). To construct this laminate for the present
model, the constituent’s properties andvolume fractionswere
used in the upscaling routine to determine the composite’s
macro-scale properties. These macro properties were used
to generate stiffness matrices which were rotated to the ori-
entations specified and then added to obtain the laminate’s
stiffness (laminate theory’s A matrix). Since the sample of
interest was constructed with a symmetric layup, the B and
























c2 s2 0 2cs
s2 c2 0 −2sc
0 0 1 0
−sc sc 0 (c2 − s2)
⎤
⎥⎥⎦
and c = cos(θ) and s = sin(θ).
4.2 Laminate loading and stiffness reduction
In the simulations, the laminate was loaded in constant load
ratios.At every load increment, global strainswere calculated
with the laminate stiffnessmatrix, Q. These strains were then
rotated to each of the lamina’s orientations and decomposed
to subcell stresses and strains in the downscaling routine.
Each of these subcell stresses and strains were used in the
criteria discussed in Sects. 3.1–3.4.
If failure was indicated, the lamina’s stiffness matrix was
deducted and the global stiffness matrix was recalculated
with the damaged and undamaged stiffness matrices. The



















where Q′ is the post-failure deducted stiffness matrix of the
failed ply.
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Unlike uniaxial composite, however, the initial failure
is likely not ultimate failure. As seen in Eq. 26, suffi-
cient residual stiffness may be available in unaffected plies.
This necessitates a multi-step failure checking routine which
detects failure, deducts stiffness of the failed ply, regenerates
a global stiffness matrix, recalculates global strain, and then
detects further failures in the same or other plies.
4.3 Progressive failure
In the case of the uniaxial sample under combined σx and σy
loading, the four failure types are the fiber elongation, inter-
face failure, fiber buckling, and matrix failure by maximum
principal strain. Once one of these failures is experienced,
the reduction in strength of a sample due to that failure needs
to be determined. For uniaxial samples, ultimate failure is
simple to predict, since a single failure indicates ultimate
failure. The complete strength of the sample is lost due to
that failure. In a lamina, however, the load previously carried
by a ply that has failed in a particular way is redistributed to
the adjacent plies that are capable of carrying the additional
load.
The stress state in a laminate becomes complex due to the
various material orientations and their associated orthotropy.
What would normally be a simple biaxial state in a isotropic
(or uniaxial orthotropic) material becomes a complex σx −
σy − τxy state of stress. This is further complicated with the
unloading of a failed ply and the redistribution of its load to
the adjacent plies.
Progressive failure is the path of feasible failures that fol-
low an initial failure. Feasible failures are failures that can
logically take place after an initial failure. For instance, fol-
lowing an interface failure, a matrix failure due in whole or
part to transverse loading is not feasible, while fiber failure
is.
4.4 Stiffness reduction methodology
Depending on the lamina loading, the stiffness reduction
methodology changes. Thismethodology is basedon the con-
ceptual model of the unit cell and is illustrated in Fig. 4.
If fiber failure by either elongation (tensile fracture) or
buckling or matrix failure by compression is indicated absent
of interface failure, these usually are associated with com-
plete failure. However, the present model allows for the
appropriate reduction in stiffness of the failed ply and the
detection of additional failures.
Using the presentmodel, interface failure is themost com-
mon first failure. Under tension, this type of failure would
cause a reduction in the transverse stiffness of a lamina as
well as a reduction in its shear stiffness. Under compression,
an interface failure would only cause a reduction in the shear
stiffness of the lamina as well as a reduction in the fiber buck-
ling strain, since one of the supporting matrix subcells has
debonded.
Transverse Tension Following the top of Fig. 4, a unit
strand is under transverse tension and either longitudinal ten-
sion or compression. The stiffness of the strand is initially
reduced by the interface failure, which causes the y-direction
stiffness (Esy) and the shear stiffness (G
s
xy) to approach zero,
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Fig. 5 Failure comparison for E-glass/LY556 under σy and τxy


























Fig. 6 Effect of Choice of shear strain for E-glass/LY556 under σy and
τxy
remain unchanged. The shear stiffness of the fiber (1–2) sub-
cell (G fxy) is also reduced, since half of the supporting matrix
is no longer attached.
No additional transverse failures can occur, since the stiff-
ness in the transverse direction is very low. This, however,
does not preclude longitudinal failures of the fiber or the
separated matrix subcells. Following this initial failure, three
types of failure are now possible: fiber elongation, fiber buck-
ling, and matrix cracking. These failures cause additional
reductions in the remaining stiffnesses of the strand, indicat-
ing ultimate failure of the represented ply.
Matrix failure following interface failure becomes more
complex. The matrix can now be considered a separated
homogeneous and (assumed) isotropic material under a
[σx , 0, σz, 0, τxz, 0]T state of stress. The σy , τxy , and τyz
components are all assumed to be zero, since there is con-
0



























Fig. 7 Effect of choice of α1 for E-glass/LY556 under σy and τxy
















Fig. 8 Failure comparison for AS4/55A under σy and τxy














Fig. 9 Failure comparison for T300/BSL914C under σx and τxy
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Fig. 10 Effect of choice of α1 for T300/BSL914C under σx and τxy




















Fig. 11 Failure comparison for E-glass/MY750 under σx and σy





























Fig. 12 Effect of choice of α1 for E-glass/MY750 under σx and σy














Fig. 13 Failure of [90,±30]s under combined σx − σy loading (fiber
failures)






















Fig. 14 Failure of [(90 + θ), (±30 + θ)]s under combined σx − σy
loading (fiber failure)
ceivably separation between the 3478 half-cell and the 1256
half-cell, not allowing the 3478 half-cell to sustain stress in
the y direction. In this case, we can use the matrix stiffnesses
to determine additional matrix failures by maximum princi-
pal strain, as discussed earlier. In addition, a portion of the
shear stress (strain) from the laminate (surrounding lamina)
can be placed on the z faces of the 3478 half-cell.
Transverse Compression The bottom of Fig. 4 shows a
similar progression; however, the strand is under transverse
compression and either longitudinal tension or compres-
sion. The major difference between these two scenarios is
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Fig. 15 Individual ply failures
(failures not independent). a
+30 ply (−30 ply identical), b
90 ply
















































Fig. 16 Failure regions for [90,±30]s
that despite interface failure, transverse stiffness (Esy) is not
reduced, since the matrix is intact and remains in contact
with the other two subcells. The major reduction in stiffness
would be the in-plane shear stiffness, since the shear stiff-
ness, provided by the bond between the 3478 half-cell and
1256 half-cell no longer exists. There would likely be fric-
tional contact sustaining some shear stress, but it is ignored.
Furthermore, similar to the interface failure under transverse
tension, we reduce the shear strength of the fiber subcell fol-
lowing the removal of the support from the failed interface.
Subsequent failures in this case can be fiber failure (elonga-
tion or buckling),matrix failure bymaximumprincipal strain,
though the stress state in this case is [σx , σy, σz, 0, τxz, 0]T .
Similar to the above scenario, the additional failures fol-
lowing interface failure allow for further reductions in the
strand’s stiffness.
4.5 Ultimate failure
Ultimate failure in uniaxial composite, described in Sect.
3, was simple in that a single failure of a lamina indicated
ultimate failure. Simple criterion like “excessive strain” or
“an inability to increase the applied load” is objectively
true; however, a more finite means of measuring failure was
needed. When determining ultimate failure while applying
the present model to the WWFE tasks, a few different meth-
ods were used and yielded similar results.
The first approach is the use of a change of “strain radius”
where the strain radius allows the capture of the change of
any single (or all three) strain quantities due to the failure of
a ply. It can be defined in either of two ways, changing the
weight of the contribution of shear strain. The first treats a




2 + (εcy)2 + (γ cxy)2. (27)















The change of strain radius from an intact stiffness matrix
to the strain state exhibited by a failed state (Δrε) from iter-
ation to iteration should be less than a user-defined quantity.
In the following examples, Δrε is set at about 70%.
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Table 2 Intermediate and final
laminate failures [90,±30]s Region Stress ratio σx :σy Initial failure Final failure
1 − 1 : 2.8 → 1 : 2.4 ± 30I 90Ft,± 30Fc
2 1 : 2.4 → 1 : 0.9 ± 30I, 90I 90Ft,± 30Fc
3 1 : 0.9 → 1 : 0.6 90I,± 30I 90Ft
4 1 : 0.6 → 1 : 0.3 90I,± 30I ± 30Ft
5 1 : 0.3 → 1 : 0 90I,± 30I,± 30M ± 30Ft
6 1 : 0 → 1 : − 5.4 (AI,± 30M,Ft)
7 1 : − 5.4 → − 1 : − 1.1 ± 30M, (90Fc,± 30Ft)
8 − 1 : − 1.1 → − 1 : − 0.8 ± 30M, 90M, (AFc)
9 − 1 : − 0.8 → − 1 : − 0.1 90M ± 30M, (AFc)
10 − 1 : − 0.1 → − 1 : 0 90M ± 30I,± 30Fc
11 − 1 : 0 → − 1 : 0.2 90M ± 30I,± 30Fc
12 − 1 : 0.2 → − 1 : 0.5 (90M,± 30I) 90Ft,± 30Fc
13 − 1 : 0.5 → − 1 : 2.8 (± 30I, 90M) (90Ft,± 30Fc)
A all, I interface,M matrix, (•) simultaneous failure
Ft , Fc fiber tension/compression
5 Results and discussion
Most of the example cases were selected from the test data
available in WWFE (Hinton et al. 2004) to assess the pro-
posed failure criteria under different loading conditions. The
first set of three cases was for a single lamina subjected to
different combined loading conditions. The next set was for
a laminated fibrous composite. Each example is discussed
below separately.
5.1 Lamina failure under combined σ y and τx y
This first example case used a uniaxial lamina made of E-
glass fibers and the LY556 resin material. The lamina was
subjected to simultaneous loading of transverse normal and
shear. In this loading configuration, the active criteria are
the fiber/matrix interface debonding and matrix cracking.
Because there is no longitudinal normal loading, fiber failure
is not plausible. The material properties used in this example
are listed in Table 1.
Figure 5 compares the present prediction to the experi-
mental data. The criterion performed exceedingly well. The
first quadrant contains the failure due to tensile transverse
normal stress (σy/σ⊥ term). The second quadrant shows the
peak where the fiber/matrix interface failure and the matrix
failure curves intersect. Thematrix failure line can bemanip-
ulated by changing how one calculates the shear strain value.
The current theory can give a moderately conservative value
by averaging the shear strain between the 34 quarter-cell and
the 78 quarter-cell, a worst case (conservative) estimate can
be made using the shear strain in the 34 quarter-cell only and
an aggressive estimate can be made using the shear strain in
the 78 quarter-cell only. The three lines described by this are
compared in Fig. 6. This averaging is most useful to over-














Fig. 17 Failure of [90,± 30]s under combined σx − τxy loading (fiber
failures)
come the shortcoming of the theory that allows for shear
strain discontinuities between half-cells.
A parametric studywas conducted to investigate the effect
of the α1 coefficient used in the fiber/matrix interface failure
criterion on the failure envelop. Figure 7 shows the compar-
ison for different α1 values. When the value is zero, there is
no effect of the compressive transverse normal stress on the
failure, which is not correct based on the test data. When α1
is selected to be the square root of the fiber volume fraction,
the fiber/matrix interface failure criterion agreed well with
the experimental result.
The general trend by the data shows the previously dis-
cussed promotion of shear failure under transverse tension
and the delay of shear failure under transverse compression.
The criterion adequately accounts for this trend.
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Fig. 18 Individual ply failures
under combined σx − τxy
loading (failures not
independent). a +30 ply, b 90
ply, c −30 ply











































The second example—not a part of the WWFE tasks—
applied additional multi-axial loading to tubular specimens
so as to determine failure data for AS4/55A (Swanson
et al. 1987) whose properties were similar to the AS4/3501-
6 carbon fiber. The resin property needed to be adjusted
to match the replacement resin. While Hercules 55A was
difficult to obtain mechanical properties, the material prop-
erties were estimated using Cohen (2002) and Jordan et al.
(2008).
The compressive strength forHercules 55Aunder pseudo-
static loading indicated to be 80MPa. The failure strain was
determined from the strength divided by its elastic modulus,
because the resin is almost linear up to failure. Based on the
elasticmodulus 3.15GPa, the failure strainwas determined to
be 2.5%.These values are reasonable for some resin/hardener
combinations, some cure schedules, and for room tempera-
ture testing. Table 1 shows the material properties used in the
analysis.
Figure 8 shows the comparison of the experimental data
to the present prediction for AS4/55A. The value for α1 was
also determined from the fiber volume fraction. Both results
agreed very well showing the effect of the transverse normal
stress on the fiber/matrix interface failure as suggested in the
failure criterion.
5.2 Lamina failure under combined σx and τx y
The second task in Hinton et al. (2004) applied longitudinal
normal stress and in-plane shear stress to the T300/BSL914C
composite. The material properties are provided in Table 1.
The longitudinal normal stress failure varied from tension
to compression. In this example, three failure modes were
active. The first two are fiber breakage in tension and fiber
buckling in compression.The thirdmode is fiber/matrix inter-
face failure.
Figure 9 shows the failure envelope alongwith experimen-
tal data. As discussed previously, the shear stress influenced
the fiber failure for both tensile and compressive longitudi-
nal stress. When the longitudinal normal stress is not large
enough for fiber failure, the fiber/matrix interface failure was
the failure mode. The test data were quite scattered, and the
prediction represented the scattered data well. Some of the
conservative estimates of lamina failure by interface failure
may be better-represented if the sample failure was modeled
as progressive failure rather than the initial failure, as was
shown here.
The effect ofα1 was also examined for the interface failure
criterion, as shown in Fig. 10. As before, the same choice as
before was reasonable. Overall, the predicted results agreed
well with the experimental data. However, the experimen-
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Fig. 19 Failure of [(90 + θ), (± 30 + θ)]s under combined σx − τxy
loading (fiber failure)
tal data showed some scattering. For example, there was
notable variation in data for the pure shear loading failure.
The present prediction used the pure shear failure data which
was a conservative choice. Therefore, the predicted interface
failure was conservative when compared to the experimental
data.
5.3 Lamina failure under combined σx and σ y
The third case at the lamina level test was the E-glass/MY750
composite which was subjected to normal stresses in both
longitudinal and transverse stresses, i.e., biaxial loading. The
material properties are given in Table 1. Because the nor-
mal stresses varied from tension to compression, the four
quadrants could be considered in the failure prediction. In
this example, all possible failure modes could be considered
such as fiber breakage, fiber buckling, fiber/matrix interface
failure, and matrix cracking. When the longitudinal normal
stress was large either in tension or compression, the failure
mode was fiber breakage or buckling. Otherwise, depend-
ing on the direction of the transverse normal stress, matrix
cracking or fiber/matrix interface debonding occurred. Fig-
ure 11 plots the results which compares the present results to
the experimental data. The proposed failure criteria predicted
the failure very well. In addition, the effect of α1 was also
tested, as shown in Fig. 12. The same choice as before was
acceptable.
5.4 Laminate failure of [90,+30,−30]s under
combined σx and σ y
Predicting laminate failure is themost important utilizationof
a composite failure theory. TheWWFE requested the predic-
tion of various laminates under different loading scenarios in
addition to the uniaxial predictions. The procedure described













Fig. 20 Tau ranges
in Sect. 4 was used to assemble, load, degrade, and ultimately
fail a [90,+30,−30]s E-glass laminate.
When plotting fiber failure (elongation or buckling) in any
ply as the ultimate failure, the model successfully predicts a
reasonably accurate failure envelope as shown in Fig. 13.
Some loading ratios are relatively poorly represented,
and over-predict the failure in comparison to the data. The
first quadrant is significantly over-predicted in middle ratios;
however, the general trend and peak values occur along simi-
lar stress ratios. This is most likely due to our less-aggressive
reduction in strand and likewise laminate stiffness following
interface failures. In addition, other mechanisms could con-
trol here, in particular delamination could contribute to these
early failures causing the plies to act independently, which
was not included in our model.
The failure of the laminate in transverse compression is
90% larger than the data indicate. In addition, the biaxial
compression regime is similarly over-predicted. This may
be due to the sample buckling rather than material failure.
While Hotter et al. (1974) manufactured shorter samples to
avoid longitudinal buckling before material failure, trans-
verse buckling of tubular specimen can occur at much lower
pressures than material failure, particularly in the presence
ofmanufacturing irregularities. These irregularitiesmayhave
caused primarymode buckling (transverse failure of the lam-
inate) beforematerial failure. Figure 26 ofHotter et al. (1974)
also assumes that the fourth quadrant data may be sample
buckling rather than material failure.
Another irregularity in the envelope was the under-
prediction of the longitudinal strength. Thismay be due to the
use of precise angles in the numerical simulation. Smearing
of plies across small angles appears to mitigate this distinct
notch. This is reasonable, since the test specimen described
in Hotter et al. (1974) were cylindrical and constructed via
filament winding. In this case, 90◦ orientations are imprac-
tical due to the fiber tow width and the nature of wrapping a
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Table 3 Intermediate and final laminate failures [90,± 30]s under σx − τxy
Region Stress ratio σx :τxy Initial failure Final failure
1 1 : 0 → 1.81 : 1 90I,−30I 30M, (90Fc,−30M, 30Ft), (30I,−30Ft)
2 1.81 : 1 → 1.46 : 1 90I,−30I 30M, (90Fc,−30Fc, 30Ft), 30I,−30M
3 1.46 : 1 → 1.07 : 1 90I,−30I 30M, (−30M, 30Ft), (90Fc,−30Ft, 30I)
4 1.07 : 1 → 0.72 : 1 (90I,−30I) 30M, 30Ft, (90Fc,−30Fc), 30I, 90M
5 0.72 : 1 → 0.49 : 1 −30I, 90I 30M, 30Ft, (90Fc,−30Fc), 30I, 90M
6 0.49 : 1 → 0 : 1 −30I, 90I 30M, 30Ft, (90Fc,−30Fc), (30I, 90M),−30M
7 0 : 1 → −0.26 : 1 −30I 30M, (30Ft, 90I), (30I,−30Fc, 90Ft), 90M
8 −0.26 : 1 → −1.26 : 1 −30I 30M, 30Ft, 90M, (30I,−30Fc, 90Ft), 90I
9 −1.26 : 1 → −1.74 : 1 −30I, 90M 30M, (30Ft, 90Ft), (30I, 90I)
10 −1.74 : 1 → −2.29 : 1 −30I, 90M 30M, (30Fc, 90Ft), (30I, 90I)
11 −2.29 : 1 → −3.4 : 1 −30I, 90M, 30I 90Ft, (30Fc,−30Fc, 90I), 30M
12 −3.4 : 1 → −1 : 0 90M,−30I, 30I −30Fc, 30Fc, 90Ft, 90I
A all, I interface,M matrix, (•) simultaneous failure
Ft , Fc fiber tension/compression
flat tow around a cylinder. Hotter indicates that the hoop fil-
ament was wrapped at 0.25◦. If we change the orientation of
the plies in the simulation to include ± 85, we reach a better-
represented failure envelope shown in Fig. 14. Also shown
in Fig. 14 is extreme angles of the laminate (10◦, 30◦, 45◦).
These data are interesting, since a 30◦ rotation of the sample
(one of the interior plies is aligned with the axial direction)
better represents the peak in the first quadrant, and a 45◦
rotation provides a lower bound on all the scattered data.
Figure 15 shows the full envelope with intermediate fail-
ures plotted as well. Figure 16 and Table 2 highlight the
regions where different types of failures control the final fail-
ure of the composite laminate.
5.5 Laminate failure of [90,+30,−30]s under
combined σx and τx y
The second laminate case for E-glass in Hinton et al. (2004),
Task 5, was the same layup described above subjected to
combined σx and τxy . The failure model showed excellent
results for the prediction of failure of this composite. The
plot shown in Fig. 17 is the locus of fiber failures in the plies.
Figure 18 shows the same simulation; however, plots where
intermediate failures and ultimate failures are indicated. In
this plot, extraneous failure lines are removed for clarity.
Extraneous lines are those lines far beyond ultimate failure
where a particular failure would occur or sequential failures
that are not realistic. For example, in pure shear, the tube
should not experience fiber failure in the 90◦ ply. This line is
not shown.
A parametric study was also accomplished where the
entire [90,+ 30,− 30]s pattern was shifted by − 5,
− 2.5,+ 2.5, and+ 5degrees. The resultingfiber failure lines
are plotted in Fig. 19. These results indicate that the spread of
the data in the first quadrant can be explained by amoderately
significant sensitivity of the failure load to small perturba-
tions in the winding angles. The second quadrant, however,
is relatively insensitive to these angle changes, since matrix
failure dominates the failure in this area.
Figure 20 and Table 3 highlight the regions where partic-
ular failures contribute to and then control ultimate failure of
the composite.
6 Conclusions
Failures in fibrous composites were described at the micro-
scale level in terms of the constituent materials. The failure
modes at the micro-scale are fiber failure, matrix cracking,
and fiber/matrix interface debonding. Fiber failure can be
either fiber breakage under tensile loading or fiber buckling
under compressive loading. Therefore, four failure criteria
were proposed for the four different failure modes, respec-
tively. To apply the proposed failure criteria, a multiscale
analysis was conducted, which linked the micro-scale to
macro-scale of the composite. To bridge the different length
scales, a unit-cell approach was used. The unit-cell can com-
pute themacro-scalematerial properties from themicro-scale
material properties. In addition, the micro-scale stresses and
strains are also computed from the macro-scale stresses and
strains. Those micro-scale stresses and strains were used for
the proposed failure criteria.Multiple examples were consid-
ered to assess the proposed failure criteria. The examples had
different combined loading conditions. The proposed failure
criteria predicted the failure envelopes very well when com-
pared to the experimental data. The proposed failure criteria
could provide clear failuremodes depending on applied load-
ing condition.
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